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Pilffbi KjieSma-Fop^aHa, o6paTHbie 
MaTpHLi;bi Kapxana h ?7-HHBapHaHTbi 



r. r. HjibioTa 



Ahhotau^hh. Mbi flOKajKeM necKOjibKO cjDopMyji, CBHSbiBaiomHx 
o6paTHijie MRTpHn,!.! KapTEHa c ajire6paHHecKHMH h reoMeipHHe- 
CKHMH HHBapHaHTaMH npeflCTaBjieHHH KOHeHHMx rpynn. 
We prove some formulas relating the inverse of a Cartan 
matrix with algebraic and geometric invariants of finite group 
representations . 
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1. BBejienRe. 

OGpaxHaH eBKjiH^oBa MaTpHij,a Kapxana iipocxoii ajire6pt.i Jin sb- 
jiHexcH MaxpHij,eH Fpana cncxeMbi cjDyH^aMeHxajibHbix BecoB hjih, ^py- 
THMH cjioBaMH, MaxpHij,eH nepexo^a ox CHCxeMti npocxbix Kopneii k ch- 
cxeMe (|)yH^aMeHxajiBHt.ix bccob. reoMexpH3an;HH cooxBexcxBHH Max- 
Kea npHBejia k HHxepnpexaii,HH (|)yH;];aMeHxajit.Hbix bccob KaK Kjiac- 
coB Hepna BeKxopHbix paccjioeHHHfl na paapemeHHH cooxBexcxByromefl 
npocxoii oco6eHHOcxH |10] . 3xh BexxopHbie paccjioeHHa cxpoaxca no 
HenpHBO^HMbiM npe;];cxaBjieHH3M cooxBexcxByiomefi GnHapHofl nojiH- 
sflpajibHofi rpynnbi, npocxbie KopHH oxBeiaiox HCKjiioHHxejibHbiM Kpn- 
BbiM Ha paapemeHHH ocoGeHHOcxH. HcxoflHbiM nynxxoM sxofl cxaxbH 
Gbijia 3afl,a^a BbinncjieHHa sjieMenxoB o6paxHOH eBKjiH^^oBofl MaxpHn;bi 
Kapxana nepes HKBapnanxbi npocxbix oco6eHHOcxeH hjih HHBapnaHXbi 
Hpe^cxaBjieHHH GnnapHbix HOjiHs^pajibHbix rpynn. Mbi peniHM axy sa- 
^any b 6ojiee oGu^eM KOHxeKcxe: anajior oGpaxHoii cbrjih^oboh Maxpn- 
n;bi Kapxana mojkho onpe^ejinxb fljiH jiio6oh fleHcxByromeii cboGo^ho 
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MaxpHHHoii rpynriL.1 (neHyjieBbie nenoflBHJKHbie tohkh HMeeT tojibko 
e^HHHii;a rpynnt.1). 

JXjis KOHeHHoii rpynnbi G C U{d) r^-HHBapHaHx ATbH-HaTOflH- 
Snnrepa MHoroo6pa3H5i S'^^~^/G Bt.iHHCJi5ieTC5i c noMomtio (|)opMyji 
MojiHHa ^Ji5i pa^oB KjieGma-Fop^aHa rpynnti G [7]. 3tot HHBapn- 
aHT Gbiji BBeflCH B KOHTCKCTe TeopeMBi 06 HH^eKce H npe^cTaBjiaex 
co6oii Mepy cneKTpajibHoii accHMexpHH b cneKxpe onepaTopa /^Hpaxa 
[T]. OnnpaHct. na c|)opMyjiL.i h3 [7], mm BbipasHM sjieMeHTbi oGpaxHoii 
eBKjiH^oBoii MaTpHn;L.i Kapxana nepes r^-HHBapHaHTBi. 

KojiBn;o iipe^cTaBjieHHil KoneHHoii rpynnt.i H30Mop(|)HO MaxpHHHO- 
My KojiBity - npe^cxaBjieHHio coiiocxaBjiHeM MaTpHij,y (mbi 6yfleM na- 
sbiBaxb ee MaTpni^eii KjieGma-Fop^^aHa) TensopHoro yMHoaceHHH na 
3TO npe;];cTaBjieHHe, nanpHMep, b 6a3Hce h3 HenpHBOflHMbix npe;];cTaB- 
jieHHH. Mbi nojiyHHM HecKOjibKO cjie^CTBHH cjie^^yiomero HSBecTHoro 
4)aKTa: Bce MaTpHij;t.i xaKoro KOJibii;a flnaroHajiHSHpyioTca b o^hom h 
TOM ace 6a3Hce, npHHCM, MaxpHi^a nepexo^a coBnaflaeT c Ta6jiHii;eH xa- 
paKxepoB rpynnt.1, a coGcxBennbie ananenna - co snanennaMH xapaK- 
xepa npeflcxaBjienna, no KoxopoMy onpe;];ejiaexc5i MaxpHu;a Kjie6ma- 
Fop^ana [4j. B nacxnocxn, mbi BbipasHM sjieMenxbi o6paxHOH eBKjinflo- 
BOH MaxpHU,t.i Kapxana nepea xapaKxept.1 n nepes nnBapnanxbi Kosna- 
MaKOJies npe^cxaBjienHH. HeKoxoptie Bejinnnnbi, Bxo^amne b (|)opMy- 
JIL.1 ^jiH 3jieMenxoB oGpaxnoii cbrjih^oboh MaxpHn;L.i Kapxana, onpe- 
flejiinoxcH MnoronjienoM Ajiexcan^epa 3an;enjienH5i cooxBexcxByronteii 
npocxoii oco6ennocxH n nnBapnanxaMH Mnjinopa 6jih3khx 3an;enjie- 
HHH, 3XO cjie^yex h3 [8] n |12| . cooxBexcxBenno. 

B KanecxBe npnMepa mbi 6ojiee no^po6no paccMoxpnM MaxpHn;y 
KjieGma-Fop^ana onpe^eji5non];ero npe^cxaBjienna: CHMMexpnnecKOH 
rpynnt.1 Sd (ona ^eiicxByex na C'^ iiepecxanoBKaMH Koop^nnax) . Oxo6- 
paacenne OpoGennyca onpe^ejiaex naoMexpnio KOjii3n,a npe^^cxaBjiennn 
CHMMexpnnecKOH rpynnt.i n KOJiijn;a CHMMexpnnecKHX 4)ynKn;HH. FIo- 
sxoMy Hsynenne MaxpHn;t.i Kjie6ma-Fop;];ana cxanoBnxca aa^anen xeo- 
pnn CHMMexpnnecKHX 4)ynKn,nH n nsBecxnbie 4)opMyjit.i ^jia sjieMen- 
xoB MaxpHn;bi Kjie6ma-Fop;];aHa BKjiionaiox b ceGa nponsBeflenne Kpo- 
nexepa 4)ynKn,HH FUypa, Mnoronjienbi KocxKH-OojiKeca n Mnoronjie- 
nbi KocxKH-MaK;];onajib;];a [n], [H], [H], |T71, [19], [22]. /Jjia kom- 
njieKcnbix rpynn oxpaJKennn G(e, 1, n) nsBecxno o6o6to;enHe cJiopMyjibi, 
CB33biBaioni,eH sjieMenxbi MaxpHn,bi Kjie6ma-Fopflana n Mnoronjienbi 
KocxKH-OojiKeca |20| . 

y^Boennaa cyMMa cxoji6n;oB oGpaxnoii eBRjin^oBon MaxpHn;bi Kap- 
xana npe^cxaBjiiiex coGoii cxoji6en; KoscjDcjDHttnenxoB b pasjiojKennn 
cyMMbi nojiojKHxejibnbix Kopnett no npocxbiM KopnaM, 3xox cxoji6en, 
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HSBecxeH KaK BeKxop Befijia b cbssh c cJ)opMyjioii BefijiH ^jih xa- 
paKxepoB. riosxoMy cjDopMyjibi sjieMenxoB o6paxHOH eBKjiH^^OBofl 
MaxpHn;bi Kapxana npHBO^ax k (|)opMyjiaM ^jia Bexxopa BeiijiH. TaK- 
TKe nojiyHeHbi o6o6in;eHH5i cJiopMyji Mojinna ^jih mhhopob MaxpHii;t.i, 
KjieGma-Fop^aHa h o6o6iri;eHHe cjie^yiomero (|)aKxa: Bexxop pasMepno- 
cxefi HenpHBO^HMBix npe^cxaBjieHHfi 6HHapHoii nojiHs^pajitHoii rpyn- 
nbi aBjiaexcH coGcxBeHHbiM j^jis cooxBexcxByromeii a(|)(|)HHHoii Maxpn- 
n;L.i Kapxana h co6cxBeHHoe sHaneHHe paBHo 0. 

IlepeHHCjiHM HeKoxoptie 6jiH3KHe noHBjieHHH (o6paxHoii) eBKjiH^o- 
BOH MaxpHn;L.i Kapxana. OopMyjia, cBHstiBaiomaii cooxBexcxBne Max- 
KCH c ero flBOHCxBeHHbiM BapnanxoM, co^epjKHx sjieMenxti o6pax- 
Hbix eBKjiHflOBbix MaxpHii; Kapxana [3]. B |16] nojiyneHa KOMGnHaxop- 
Haa (|)opMyjia ^Ji3 sjieMenxoB o6paxHofi eBKjiH^^OBofi MaxpHn;L.i Kap- 
xana. EBKjiH^OBa MaxpHii,a Kapxana nrpaex pojit MaxpHii;t>i Kjie6ma- 
FopflaHa^jia ajire6pt.i BepjiHH^e [9], Sect. 8. 7. B |6] HHxepnpexaii;H5i o6- 
paxHOH eBKjiHflOBOH MaxpHi^bi Kapxana KaK MaxpHii,t>i FpaMa cncxeMbi 
KjiaccoB Hepna BeKxopHbix paccjioeHHHfi o6o6iri;aexca jiJis cboGo^^hbix 
;];eHCXBHH KOHeHHbix no;];rpynn b SU^. Hsbccxho o6o6iri;eHHe cooxBex- 
CXBH3 MaKKea ne xojibko no jihhhh rpynn, ho h no jihhhh ^narpaMM 
flbiHKHHa, B KanecxBe Koxopbix paccMaxpHBaioxca: npoHSBOjiBHbie rpa- 
c|)L.i. Pojib MaxpHij;t.i Kapxana b sxom cjiynae nrpaex MaxpHii;a 2E — C, 
r^e C - MaxpHij,a cMejKHocxn rpa(|)a. AnajioroM MaxpHn;L.i Kjie6ma- 
Fop^ana SBjiaexca MaxpHii;a H = {E — qC + q'^E)~^, cocxoHmaH h3 
pa^oB FlyaHKape npenpoeKXHBHoii ajire6pB.i FejibcJian^a-noHOMapeBa 
(neKoxopoii 4)aKxopajire6pL.i ajire6pt.i nyxeii b rpacj^e) ^jih rpacJ)OB, 
He HBjiHromHxcH eBKjiHflOBBiMH ^HarpaMMaMH /],L.iHKHHa |18| . Cbhsb 
npenpoeKXHBHOH ajire6pL.i a(|)4)HHHoii ^HarpaMMti /I,L.iHKHHa h KOjibn;a 
npeflcxaBjieHHH cooxBexcxByiomeii GnHapHoit nojiH3flpajiBHoii rpyrint.1 
xopomo HSBecxna [5, a HMenno, npenpocKXHBHaa ajireGpa 3KBHBajieHx- 
Ha no MopHxe kocoh rpynnoBofi ajireGpe GnHapHOH nojiHs^pajiBHofl 
rpynnt.1. Onpejiejiaa anajior xa6jiHn;t.i xapaKxepoB rpynnbi 4)opMyjia- 

MH 



nojiyHHM pa^flflB HyaHKape npenpoeKXHBHofl ajire6pL.i rpacjia ana- 
jior 4)opMyji MojiHHa 



C = Qdiag{ci, . . . , 



Cn)Q',Q' = Q 




2. MaxpHu,a KjieGma-Fopflana h cjDopMyjibi Mojinna. 



4 r. r. HJTblOTA 

06o3HaHHM Hepea ^jj' 'j^! mhhop MaTpHn;L.i M, coctojuhhh h3 sjie- 
MCHTOB, pacnojiojKeHHMx Ha nepeceHeHHH cxpoK ii, . . . ,ik h ctoji6ii;ob 
ji, . . . ,jk, M^^'"''^'° - ;],onojiHHTejibHt.m MHHop. B nacTHocTH, M* - 3jie- 

MCHT MaTpHLI,t.I M. 

HenpHBo;];HMbie npe;i;cTaBjieHH5i Rq = l,Ri, . . . , KoneHHOH rpyn- 
nbi G (o6o3HaHHM nepes Xoi ■ ■ ■ iXn cooTBeTCTByiomHe xapaKxepbi) 06- 
pasyioT opTOHopMHpoBaHHBiii 6a3HC B KOJibiJ,e npe^cxaBjieHHii rpyrint.1 
G. CKajiapHoe npoHSBe^eHHe npe^cxaBjieHHH Rn Q (hjih hx xapaxxe- 
poB ^ X^) oripe^ejiHexca: (|)opMyjioii 




r^e Co, . . . , C„ - Kjiacct.1 conpajKeHHocxH rpynnti G, gj - iipe^cxaBH- 
xejiB Kjiacca Gj ^jih j = 0, . . . ,n, Qq - e^HHHi^a rpynnt.1 G. Hepes 
di = Xiido) o6o3HaHHM pasMepHocxB npe^cxaBjieHHH Ri, d = dimR = 
X^ido)- KpaxHocxb BxojK^eHHH npe;];cxaBjieHH3 Ri b npe^^cxaBjienne 
R paBHa {R,Ri). CooxHomeHHa opxoroHajibHocxH fl^jis xapaKxepoB b 
MaxpHHHofi (|)opMe MOJKHo npeflcxaBHXb xaK 

\G\{x-')] = \G,\^, 

rfle X = {Xiidj)) ^ xa6jiHn;a xapaxxepoB rpynriti G. 

HycxB Rx = Ylxex ^ (|)opMajit.Ha5i cyMMa KoneHHOMepHbix 
npeflcxaBjieHHH R^ rpynnti G, X - npoHSBOjiBHoe MHOJKecxBO KOMMy- 
XHpyiomHX riepeMeHHbix. XapaKxep npe^cxaBjieHHH Rx onpe^ejiHexcH 
4)opMyjioH x^-^ = Exex^X^"- 

MaxpHij,eH KjieGma-FopflaHa M[Rx\ ripe^cxaBjieHHH Rx nasoBeM 
MaxpHn;y xenaopHoro yMHOJKeHHH na iipeflcxaBjieHHe Rx b KojiBn;e 
npeflcxaBjieHHH, no onpe^ejieHHio 

Rx®Ri = M[Rx]iRo + ■■■ + M[RxtRn, 

M[Rx] = J2xM[R4. 
xex 

H3 cooxHomeHHii opxoroHajiBHOcxH nojiynaeM c|)opMyjiy ^jia sjieMen- 
xoB MaxpHn;B.i KjieGma-Fop^aHa (ohh HSBecxnti xaKJKe Kax ko34)4)hij,h- 
enxbi KjieGma-FopflaHa) 

M[Rx]i = {Rx®R^,RJ). 

OxoGpajKCHHe Rx H- M[Rx] HBjiaexcH roMOMop(|)H3MOM, nepeBo^a- 
in;HM xensopHoe iipoHSBe^eHHe npeflcxaBjieHHii b o6t.iHHoe nponsBefle- 
HHe MaxpHii; KjieGma-FopflaHa 

M[Rx®Qy]=M[Rx]M[Qy]. (1) 
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HoSTOMy H3 KOMMyxaTHBHOCTH KOJIbl^a npe^CTaBJieHHH BblTCKaeT KOM- 

MyxaTHBHocTb Kojibii;a MaxpHu; KjieGma-FopflaHa. 

HocKojiBKy npe^cxaBjieHHe onpe^ejiaexca cbohm xapaKxepoM, xo 

COOXHOmeHHil MeJK^y CHMMexpHHeCKHMH cJ)yHKn;H5IMH npHBO^HX K co- 

oxHomeHHiiM MejK^y npe^cxaBjieHHHMH, cjieflaMH Koxoptix sBjiaioxca 
3XH CHMMexpHHecKHe (|)yHKn;HH. BtinHineM neKoxopbie h3 xaKHX coox- 
HomeHHH. HycxB K^, i?™, i?^, i?p - m-e cHMMexpHHecKaH, BHemnaa, 
xeH3opHa5i cxeneHH h onepaij,Ha A^aMca, npHMeHeHHbie k npe^cxaBjie- 

HHK) R, H 

anajiornHHO onpe^ejiioxca R^iq), Rxiq), Rp{q). HMeeM cooxHomeHna 

m 

RA{-q) ® Rs{q) = Ro, (2) 
{Ro - qR) ® Rriq) = Ro, 

RA{q) ® (Rpi-q) - i?^) = q-^RAiq): 

aq 

Rs{q) ® (P[i?](g) - R'p) = q-^Rsiq), 

H3 Koxopbix BBixeKaiox cooxHomeHH3 MeyKfly cooxBexcxByiomHMH Max- 
pHii,aMH Kjie6ma-rop;i,aHa. 

B Hpe^jiojKeHHH 1 o6o6iu;aexc3 KjiaccHnecKaa 4)opMyjia Mojinna 
pa^a HyaHKape KOJit>ii;a HHBapnaHxoB npe^cxaBjieHHa KOHeHHoit 
rpynnbi. 06o3HaHHM Hepe3 diag{x^^) ;];HaroHajibHyio MaxpHii;y, na 
rjiaBHofi ^HaroHajiH Koxopoii pacnojioaceHti 3HaHeHHa xapaKxepa 
npe^cxaBjieHHH Rx 

diagix^"") = diag{x^^ (go), ■ ■ • ,X^^'(^n))- 
HnjKe npe^nojiaraeM, hto npe^cxaBjieHHe R aBjiaexcji xohhbim. 

IIpe^jiojKeHHe 1. JJasi MUHopoe Mampuv^ KAeBma-FopdaHa umccm 
(fiopMyAU 

Os;pi<-<Pfe^;n m=l 

1 ^ 

O^Pi<-<Pk^n m=l 
^ ^ I I 



' ' 0^pi<---<pfcs£n m=l ^ ^ \iiPmJJ 

(3) 
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O^Pi< - <Pfe^n m=l ^^"^^{dpni) 



O^Pi<---<Pfc^n m=l 



/loKasaxejibCTBO. CorjiacHO [4] ^jia i = I,...,?! M[i?j] = 
Xdiag{x^')x~^ ■ HosTOMy M[Rx] = xd'iag{x^^)x~^ ^ nepBaa cJiopMyjia 
cjieflyeT hs TO>K;],ecTBa BHHe-KoniH ^jia onpe^ejiHxejia npoHSBefleHHa 
npaMoyrojiBHbix MaxpHu;. OcTaBniHeca: 4)opMyjit.i BbixeKaioT h3 tojk- 
^ecTB 

= J2^''^(9)q' = det{E + qR{g)), 
x'^'iqM = Y.^''H9W = idet{E - qR{g))r\ 
X^'nqKg) = Y.^''-{g)q' = {l-qtrR{g)r\ 

x'^nqKg) = J2^''^ig)q' = HE - qR{g))-\ 

SaMCTHM, HTo cJ)opMyjia (1) no3BOJiaeT KOMGHHHpoBaxb (|)opMyjit>i 
HpefljiojKeHHH 1, HanpHMep, 

M[QiA{qi) ® ■ ■ ■ ® QiA{qi) ® His{h) ® ■ ■ ■ ® H,s{t:)tl^[:% 



\G\^ ^ Xpi,...,p,Xpi,...,P. 11 IW^I pre ^^^.^ _ 

' ' 0^pi<-<pfc^n 771=1 •'■■'■^=1 ^ J^^P 



nUdet(i? + g,g,(^?pJ) 



npe^jio:a<;eHHe 2. Cmponu M*[i?], z = 1, . . . ,n, Mampuv^u KAe6ma- 
Fopdana M[R\ npedcmaeAenusi R cesisanu c nepeou cmpoKou M^[R] 
(ona omeeHaem mpueuaAtHOMy npedcmaeAeHum) u nepeou cmpoKou 
I = (1, . . . , 1) Mampuvfii X (jjopMyAaMU 

M'[R] = M'>[R]M[R,] = Idiag{x'')diag{x''')x-\ (4) 

m. e. Bar i = 0, 1, . . . , n i-fi cmpoKa Mampuyu KAeBma-FopdaHa M[R\ 
paena cyMMe cmpon Mampuyu diag{x^)dicLg{x^')x~^ ■ 

/loKasaxejiBCTBO . 

71 

M[R]] = {R® R,, Rj) = Rk)Rk) ® R^, Rj) 

k=0 
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n n 

= Y^{R, Rk){Rk ® Ri, Rj) = J2^R ® Ro, Rk){Ri ® Rk, Rj) 

k=0 k=0 
n 

= J2m[r]Im[r,]';. 

k=0 

J^Jis ;];oKa3aTejibCTBa BToporo paBencTBa HcnojibsyeM (|)opMyjiy 
M[Ri] = xdiag{x'^^)x'^ [4j 

M'^[R]M[R,] = M'[R]xdzag{x''')x~' = Idiag{x'')diag{x''')X-' ■ 
3. HpHMep: cHMMeTpHHecKaa rpynna. 

CHMMexpHHecKaH rpynna Sd fleiicTByeT na C'^ nepecxanoBKaMH ko- 
opflHHax. 05o3HanHM sto npeflcxaBjieHHe nepes R. HenpHBo^HMbie 
npeflCTaBjieHHa R\ n Kjiaccbi onpajKennocTH cHMMexpHHecKon 
rpynnbi 5"^ nn^^eKcnpyioTca ^narpaMMaMH lOnra A, pasGnennn nnc- 
jia d. Bee xapaKxepbi eHMMexpHneeKon rpynnbi Beiu;eeTBennbi. Hosto- 
My exajiapnoe nponsBe^^enne xapaKxepoB exanoBHTea Beiu;eeTBeHnbiM 
H nnejia M[Rx\'^ = {R\® i?^, Ry) eHMMeTpnnnbi no A, v. JXjimuA 
Li,HKjioB nepeeTanoBKH g & Sd oGpasyiox pasGnenne p{g) = (pi, . . . , pi), 
Pi ^ . . . ^ Pi > 0. C jiio6biM pasGnenneM A ^jinnbi I eBaaana enM- 
MeTpnneeKaa 4)yHKu;H5i px, paBnaa npoHSBeflenHio eTenenHbix eyMM 
Pa, = 

Px =px,...pxr 
Onpe^ejiHM 4)ynKn;Hio x cjDopMyjioii 

xia) = Pp{g),9 e Sd, 

ona noexoanna na Kjiaeeax eonpajKeHHoexn rpynnti 5'^. JXns npe^exaB- 
jienna Q eHMMexpnneeKOH rpynnbi Sd xapaKxepnexnneeKoe oxo6pa>Ke- 
nne OpoGennyea ch oiipe^ejiaexeH (jDopMyjioii 

ch{Q) = {Q,x) = ^ Yl ^^(9)Pp(g)- 
' g&Sd 

Cjie^yiomaa 4)opMyjia OpoGennyea yxBep>K;i;aex, hxo oGpasaMH nenpn- 
BO^HMbix npe^exaBjiennii Rx HBjiHioxeH 4)ynKn;HH Illypa Sx 

ch{Rx) = {Rx,x) = ^ 5Z = Sx. 

,HpyrHMH ejioBaMH, xa6jiHn;a xapaxxepoB eHMMexpnneeKOH rpynnbi hb- 
jiaexea MaxpHn,eH nepexo^a ox Gasnea (|)ynKn;HH Illypa k Gaaney exe- 
neHHbix eyMM b KOJibn,e eHMMexpnneeKnx (|)yHKii,HH. 
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ripoHSBefleHHe KponeKepa (|)yHKii;HH Illypa sx * mojkho onpe^e- 
jiHTb oflHoii H3 cjieflyiomHx 4)opMyji |17] . [22] (nepes s\{xy) o6o3HaHHM 
4)yHKii;Hio niypa ot nepeMeHHbix Xit/j) 

sx*Sf, = ch{Rx ® ^m) = ^ X] x[R\]i9)x[Rfi]{9)Pp{g) 

V 

JJ(1 - XiVjZky^ = ^sx* s^{x)sx{y)Sf,{z). 

i,j,k X,ti 

HsBecTHoe paBencTBO 



d\ det(l - qR{g)) 



H 4)opMyjia (4) npHBO^ax k cjie;];yioiri;eMy paBencxBy 

M[Rs{qt^ = Sx*s,{l,q,q',...). 

HoaTOMy h3 npHBe^eHHtix Btime (J)opMyji ^jia npoHSBe^eHHH Kpone- 
Kepa HMeeM 

^A({g'"^}2/) = $^M[i?5(g)]^.(2/), 
- q'~'yjz,)-' = M[Rsiq)]lsxiy)s,{z). 

AHajiorHHHaa 4)opMyjia cymecxByex p^jis M[i?^(g)]^ Prop. 3.3.1 
sx{yu 1/2, • • • , qyi, qy2, ■■■) = Y M[RA{q)]^^s^{y). 

Ho^cTaHOBKa {xi,X2, X3, . . . ) (— )■ (1, g, g^, . . . ) HSBecxna b xeopHH chm- 
MexpHHecKHx 4)yHKii;HH KaK rjiaBHaa cneii;HajiH3an;Ha. 

PaccMoxpHM cneij;HajiH3aii,Hio KOjibn;a cynepcHMMexpHHecKHX 4)yHK- 
ii,HH, B Koxopofi npoH3Bo;];Hiii;aa 4)yHKii;Ha fljia: nojiHbix CHMMexpH^e- 
CKHx (J)yHKij,Hfi paBHa 

J-l 1 -tgi' 



P5IAH KJIEBIIIA-rOP/IAHA 

Tor^a corjiacHo |17| . 1. 5. ex. 3 

s " " 



r^e h{i,j) — p.Ji'aHa KpioKa KjiexKH CToameft b i-fi CTpoKe h j-om 

CTOJi6ii;e ^narpaMMbi lOnra fi. HpaBaji nacTb sxoro paBencTBa coBiia- 
^aex c M[i?yi(g) ® Rs{q)]^^ jl3j h no (J)opMyjie (4) HMeeM b cooTBex- 
CTByiomeft cneii,HajiH3ai];HH 

M[RA{q) ^ Rs{q)]^^ = Sx*s^. 

06o3HaHHM Hepes M MyjibXHMHOJKecTBo (1^, 2^, . . . , c?'^). ripefl- 
cxaBjieHHe CHMMexpHHecKoii rpynnbi Sd nepecxanoBKaMH Koop^HHax 
B d-MepHOM ripocxpancxBe HH^yi^npyex npe^cxaBjieHHe Qj nepecxa- 
noBKaMH Koop^nnax b npocxpancxBe, 6a3HC Koxoporo cocxonx ns j- 
sjieMenxntix no^MnojKecxB b M. Ilycxb 

j 

Corjiacno |22j . ex. 7. 75 

M[Q^^\q)]l = s,{l,q,q\...,q') 
H no (J)opMyjie (4) HMeeM 

M[Q'^>^\q)]l = sx* s,{l,q,q\. . . ^q''). 

Bee 3XH (|)aKXL.i yxasBiBaiox na xo, nxo mbi HMeeM nacxntie cjiy- 
HaH neKoxopoH o6m;eH 4)opMyjibi, cB33t.iBaioni;eH sjieMenxbi Maxpnn; 
KjieGma-Fop^ana n npoHaBe^enne Kponexepa (|)ynKn;HH Ulypa. 3aMe- 
XHM, nxo rjiaBnbie cnen;HajiH3an;HH kocbix cJ)ynKn,HH Illypa sxj^ xaKJKe 
MOJKHO HHxepnpexnpoBaxB KaK pa^t-i KjieGma-Fop^ana |19| . 

HsBecxnti h ^pyrne (J^opMyjiBi ^jih sa * g, g^, . . . ), a snannx n 
M[Rs{q)]l. CorjiacHO [14] 

sx * s^il, q,q\...) = \ f \ ^ 



i+i 



r^e K^^{q) - Mnoronjienbi KocxKH-OojiKeca (sjieMenxbi MaxpHn;L.i ne- 
pexo^a ox Gaanca (|)ynKn,HH Illypa k Gasncy MnoronjienoB Xojijia- 
JlnxxjiBy^a b KOJibn;e CHMMexpnnecKHX 4)ynKn;HH), (g; q)m = YlJ=i{^ ~ 
q^), fi' - conpsacennoe pasGnenne. B |17| ^OKasano paBencxBO 



n 2 N Kxf,{q,q) 
Sx*sJl,q,q ,...)- 
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r^e K^fj_{q,t) - MHoroHjieHbi KocxKH-MaK^OHajib^a (sjieMeHTt.: Maxpn- 
ii,t.i nepexojia ox 6a3Hca (|)yHKLi;HH Illypa k 6a3Hcy MHoroHjienoB MaK- 
^OHajib^a B KOJibij,e cHMMexpHnecKHx cJ^yHKi^Hii) . HseecxHo HHxerpajib- 
Hoe npeflcxaBjieHHe ^jih K^^{q,q) [2]. 

B |20| ^jiH KOMnjieKCHbix rpynn oxpaJKeHHii 

G{e,l,d) = Sd^ {Z/eZf 

flOKasaHo o6o6iu;eHHe cjie^yiomero paBencxBa ^jih rpynnt.: Sd 

]_ Xx{g)Xi^{g) ^ >^ Kxu{q)K^^{q) 

Hs 4)opMyjit.i (3) Bbixexaex, hxo xaxoe o6o6iii;eHHe paBHOCHjibHO bbihhc- 
jieHHio pji;];oB Kjie6ma-rop;];aHa rpynnt.: G{e^ 1,?t,) nepes o6o6meHnt.ie 
MHoroHjienbi KocxKH-OojiKeca. 



4. Pafl HyaHKape Mo^yjia Koana-MaKojiea. 

CorjiacHo |21] HaoxnnHHecKHe KOMnonenxbi cHMMexpnnecKOH 
ajire6pi.i npocxpancxBa, na KoxopoM onpe^ejieno npe^cxaBjienne i?, 3b- 
jiaioxca Mo^yji3MH Kosna-MaKOJiea (na^i; ajire6poH nnBapnanxoB 
TeM caMbiM, cymecxByex o^nopo^naH cncxeMa napaMexpoB 6'i, . . . , 6'^ G 
i?^ H oflHopoflHbie Mnoronjienbi pij, . . . , p^.j G i?^, flJia Koxopbix 

Oxcio;];a Bbixexaex cjieflyiomee npe^cxaBjienne pa^^OB M[i?5'(g)]° 

Y^^q^^. _ 1 



n,(l - q^") (1 - qY D{R) 



Ylki^ ~ CpaBHeHHe axoro paBencxBa c 4)opMyjioH Mojinna npn- 
BO^HX K cooxnomennio 

fij\G\ = djUi ...nd = djD{R)\q=i, 

Onpe;];ejiHM D[RYj paBencxBOM 

n n 

D[R]) = J2 Mmp[R]l = Y,{R. ® Rk, R,)D[R]l 

k=0 k=0 

Hs 4)opMyjit.i 4 Bbixexaex 
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CjieflCTBHe 1. JJasi aAeMenmoe Mampuvfii KAeBma-FopdaHa M[i?s'(g)] 
npedcmaeAeHUR Rs{q) umccm cfjopMi/AU 

1 D\R\i 

CjieflCTBHe 2. Ecau o6pa3 npedcmaeAeHUR R deucmeyem ceo6odHo, 
mo Bah MHOsoHAenoe -D[-R]j- UJueeM (popMyAU 

, _ ddjDjR) (1 - qYDjR) A U9k)^U9k) 
^ \G\ ^ \G\ {^^det{E-qR{g,)) 

= f^odd, + -^J2(^{R)f\=i{q-ir 

' ' ' k=l 



/loKaaaTejibCTBo BbixeKaex hs CjieflcxBHa 1, cjDopMyjibi (3) ^jia 
k = 1 R cjie^yiomero CBoiicTBa cbo6o^ho ^elicTByiomeii rpynnbi (paB- 
HOCHjiBHoro onpe^ejieHHio) : fljia k > det{E — R{gk)) 7^ 0. 

HsBecTHo, HTo BCKTop pasMepHocTeH HenpHBOflHMBix npe^cxaBjie- 
HHH GHHapHOH nojiHSflpajiBHOH rpynnbi npHHa^jiejKHx a^py cootbct- 
CTByromeii ac|)c|)HHHoii MaTpHn;L.i Kapxana. B IIpe^jiojKeHHH 3 o6o6- 
maexcH 3TOT (|)aKT. AHajiorHHHbie (|)opMyjit.i hmciot Mecxo ^jih ^pyrnx 
cooTHomeHHii Meac^y npe^cxaBjieHHiiMH, mbi HcnojibsyeM cooTHomeHHe 

MeyKfly CHMMCTpHHeCKHMH H BHeUIHHMH CTeneH5IMH (2). 

npe^jio:a<:eHHe 3. /Jam, i = 0,1, . . . ,d — 1 UMemm Mecmo paeencmea 

D[Rf^M[RA{-q)Y^X=i = 0, 

D[Rf^M[RA{-q)f+\=i = {-l)''d\i2o\G\M[RAi-l)]'', 
D[RY+'M[RA{-q)f'>U=i = 0, 
D[RY+'M[RAi-q)Y^X=i = fXo\G\M[detR]M[RA{-l)Y. 

/loKasaxejiBCTBo. MaTpHn,a D[R] h MaTpHii,t>i KjieGma-Fop^^aHa no- 
^oGhbi ;i,HaroHajiBHbiM MaTpHii;aM h noflpGme ocymecTBjiaex hoctohh- 
Haa MaTpHi];a. HosTOMy ohh KOMMyxHpyioT co BceMH cbohmh npoHS- 
BOflfihiwa. HocKOjiBKy M[Rs{q)]M[RA{—q)] = E, to 

D[R]M[RA{-q)] = (1 - qYD{R)E. 

JXji^l i < d 



= {D[R]M[RAi-q)]f^U=i = D[Rf~'^ M[RA{-q)]^'^ 



9=1 • 
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floMHOJKaa Ha M[Ra{—1)Y h Hcnojitaya KOMMyxHpoBaHHe MaTpHu,, no- 

JiyHHM 

i 

= D[i?]WM[i?^(-g)]*+\=i+5^Z}[i?](-'--'Uf[i?A(-l)]*M[i?^(-g)](^')|,=i. 

i=i 

HepBaH 4)opMyjia cjie^yex no HH^yKi^HH, ocTaBniHecH ^oKaat-iBaioTCii 
anajiornHHo. Ho oTHomeHHio k nocjie^Hefl 4)opMyjie ^onojiHHTejibHo 
saMenaeM, hto 

(M[i?^(-g)])('^) = (-l)^d!M[deti?]. 



5. 06paTHaH eBKjiH^oBa MaTpHn;a Kapxana. 

EBKjiHflOBoii MaTpHn;eii KjieGma-rop^aHa npeflcxaBjieHHs R naso- 
BCM MaTpHii;y M[R]{q), KoxopaH nojiynaeTCH h3 MaTpHn;L.i M[i?^](— g)] 
y^ajieHHeM nepBoii cxpoKH h nepBoro CTOJi6ii;a (ohh oTBenaioT xpn- 
BHajiBHOMy npe^cTaBjieHHK) Rq). AnajiorHnHo onpe^ejiHM eBKjiH^oBy 
Ta6jiHij,y xapaKxepoB x rpyiint.: G. Onepaij,Hio y^ajieHna cxpoKH h 

CTOJl6lJ,a MOJKHO (|)0pMajIH30BaTb, HCnOJIbSyH SaMeHBI 6a3HCOB b kojib- 

n;e npe^cxaBjieHHH [6], ho ^jia Hamnx n;ejieH ^ocxaxoHHO xaxoro onpe- 
^ejienna. Ebkjih;];oboh MaxpHij,eH Kapxana npeflcxaBjieHHa R naaoBeM 
MaxpHii;y M[i?](l). 

HocKOjiBKy det(-E' — R{go)) = 0, xo h3 (|)opMyjit.i 

M[RA{-q)] = xdtag{detiE - qR{go)), • • • , det{E - qR{gn)))x~' 
BbixeKaex paBecxBO 

M[R]{1) = ^^xd^ag{\C^\ det{E - R{g,)), |CJ det{E - R{gn))W ■ 

IIpe^jiojKeHHe 4. JJ,Afi aAeMenmoe oBpaniHou eeKAudoeou ma6Auii,u 
xapanmepoe xT^ UMeeM cjjopMyAU 



floKa3axejibcxBO. Hcnojib3y3 cooxHomeHHa opxoronajibHOcxH p^jis 
xapaKxepoB, nojiynHM jiJis i,j > 

I C - l 1 ^ d'd 

^Xiigkj^ixM - dj) = XI \<^k\xi{gk)xj{gk) - -j^ 

k=l ' ' ' ' fc=0 ' ' 

~]g\ ^ \^k\xiigk)xoigk) + w = 

' ' k=0 ' ' 
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Cjie/],CTBHe 3. Ecau o6pa3 npedcmaeAeHusi R deucmeyem ceo6odHO, 
mo eeKAudoea Mampuv^a Kapmana npedcmaeAenusi R o6pamuMa u 

M[R]{IY' = ^^((^,(g^)-d,))dtag{. . . , ^^^^ J^'j^^^^^^ , • • • 

UAU Bar aAeMenmoe o6pamHou Mampuvfii 



7^ \Ck\iXi{9k) - di){Xj{9k) - dj 



G\2 det{E - R{g,)) 

M 

didi _ ^[^\o d, d, did. 



HCij p ^i^'-io d, 

- (^i^qy+iD{R) 

JXjis KaJK^oro HenpHBOflHMoro npe;];cTaBjieHH3 Rj onpeflejien t]- 
HHBapHaHT ATbH-HaTOflH-SHHrepa rjj [7] h, ecjiH R{G) C SU{d) 
(det R = Rq), to 

Onpe^ejiHM oGoGmeHHbie ry-HHEapHaHTbi 77* paBencTBOM 

n n 
k=0 k=0 

H3 cjaopMyjiBi (4) BbixeKaex 

CjieflCTBHe 4. Ecau R{G) C SU{d), mo Bar o6o6ineHHux 77- 
UHeapuanmoe rj'j uMceM (fiopjuyAU 

-IY2 ^ \Ck\U9k)xK9k) 



IGI ^ det(E - R(gk)) 

-lf2ReSg=i^-^^ = {-lY2Res,=i- ^ 



1-q ' ' {1 - qY+W{Ry 

Cjie/],CTBHe 5. Ecau oBpaa npedcmaeAeuuR R deucmeyem ceo6odHO u 
R{G) C SU{d), mo Bar sAeMenmoe o6pamHou eeKAudoeou uampuufii 
Kapmana npedcmaeAcuufi R umccm (popMyAU 

(MM(in;^m|^(%°-|-| + |-). 
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npe^jio:H<:eHHe 5. /(yi^ aAeMenmoe oBpaniHou eeKAudoeou Mampuv^u 
KAeBma-FopdaHa M[E\{q)~^ npedcmaeAenusi R UMeeM (fjopMyAU 



{M[RM 



h 



M[Rs{q)fo 



M[Rs{q)]l M[Rs{q)]] 
M[Rs{q% M[Rs{q)]] 



\Cp\\Cr\{xi{9p)-xi{3r)){x3 (gp)-Xj(gr)) 

2^Q-^p<r^n det{E-qR{gp)) det{E-qR{gr)) 



\G\ 



E 



\Cp\ 



(6) 



p=0 dct{E-qR{gp)) 



D[R]h 



Dm 



{1 - qrDiR)D[Rr, 
/loKasaxejibCTBo. BbinHineM flexepMHHaHTHoe TOJK^ecTBo CnjibBe- 



cxpa 



(M[i?](g));. = M[i?^(-g)]| 



M[Ra{ 
M[Ra{ 



q)]l M[Ra{ 
q)% M[Ra{ 



det M[RAi-q)] 
Ha 4)opMyjit.i (2) h npaBHjia Kpanepa HMeeM 

M[RA{-q)]} = M[Rs{q)]] det M[Ra 



-q)]j 
-q)]\ 



-q)]- 



rioBTOMy 



{M[R]iiy 

det M[Ra 



h 



M[RA{-q)]^ 



-q)] 



M[RA{-q)% 



M[S[Rmi 



M[RA{-q)]l 

M[Rs{q)]l M[Rs{q)]] 
M[Rs{q% M[Rs{q)Y'^ 

M[Rs{q)]l M[i?5(g)]° 
M[Rs{q% M[Rs{q% 



H ocTajiocb npHMeHHTb (|)opMyjiy (3) j\Jiii k = 1,2 n 4)opMyjiy (5). 



npe/],Jio:a<:eHHe 6. Ecau o6pa3 npedcmaeAenusi R deucmeyem ceo6od- 
Ho, mo 

10 nroii \ ('^) 

mm) 



didj 



D[Rl D[R]] D[R]] 



/xqICI V dj dq djd'j 



9=1 



/],OKa3aTejibCTBO. HcnojibsyeM npaBHjio JIonHxajiH. 



(M[i?](l) 



lim 



lim - — 

9^1 1 



qYD{R)D[R]', 
1 



lim 



9^1 {D{R)D[Rf^q^i (1-g) 



D[R], 



D[R]h 





D[R]^ 

Dm 

D[R]] 
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d 

.21^1 y^^d 



p=0 



{D[R]l 

i 




9=1 



Hs Cjie;i;cTBH3 2 BbixeKaex, hto ^jih < j> < c? 



(Z}[i?]-^)(*') {D[R]) 



i \ (d-p) 



9=1 



H nosTOMy 
(M[i?](l)- 



/iolGI 



(Z}[i?]^)W 



'J 

did 



9=1 



/iolGI 



{D[R])Yd) 



9=1 



AHajiorHHHo (jDopMyjibi Cjie^cTBHH 3 nojiynaioTCJi npe^ejitHbiM ne- 
pexo^oM H3 4)opMyjit.i (6). 

6. BHHapHbie nojiH3flpajibHt.ie rpynnt.:. 

06pa3 onpe^iejiHiomero npe^icxaBjieHHa R KaJK^oii GnHapHOH no- 
jiHs^pajiBHofi rpynnti KaK KOHeHHofl noflrpynnbi b SU2 ^eficTByeT cbo- 
6oflHo H nosTOMy ^jih xaKoro npe^cTaBjieHHa R cnpaBe^jiHBbi Bce npn- 
BefleHHbie Bbime yTBepjK^eHHa. CorjiacHo cooTBexcTBHio MaKxea Max- 
pHii,a 

M[Ra{-1)] = {M[Ro] - M[R]q + M[det i?]g^)|g=i = 2E - M[R] 

coBna^aex c a(|)cJ)HHHOH MaxpHii,eH Kapxana o^hoh h3 npocxtix ajire6p 
JIh. y^ajiCHHe nepBoii cxpoKH h nepBoro cxoji6ij;a sxoii Maxpniit.: (ohh 
oxBenaiox xpHBHajibHOMy npe^cxaBjieHHio Rq) npHBo^Hx k eBKjiH^o- 

BOH MaxpHiie Kapxana M[i?](l) xofl >Ke ajire6pt.i JIh. HenpHBo^iKMbie 
npeflcxaBjieHH3 Rj oxBenaiox BepniHHaM cooxBexcxByiomefi acjDcjDHHHoil 
flHarpaMMbi JJ^bmKHHa, y^ajienne oxBeHaiomefl i?o BepmHHbi npHBO^HX 

K eBKJIH^lOBOH ^HarpaMMe /],t>IHKHHa. 

y^BoeHHaa cyMMa cxoji6iiob o6paxHOH eBKjiH^ioBOH MaxpHii;t>i Kap- 
xana coBna^aex c BexxopoM Befljia - cyMMofi nojiojKHxejiBHtix KopHefl 
B 6a3Hce H3 npocxbix Kopnefi. H3 CHMMexpHHHOcxH oGpaxHOH cbrjih- 
flOBoii MaxpHiibi Kapxana BbixeKaex, hto cyMMHpoBaHne no cxpoxaM 
npHBO^lHX K xoMy ace pe3yjibxaxy. H3 Cjic^cxbhS 3, 5 h Hpe^iJiojKeHHH 
6 iiojiynaeM 

Cjie^CTBHe 6. JJaji Koacfjcfiuv^ueHmoe Vi, i = 1, . . . ,n, e pasAOMcenuu 
cyMMU noAOCHCumeAhHux Kopneu no npocmuM nopufiM umccm (popjuy- 



\G\ 



di 
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nrc>i« \ ('^) 



yU.o|G| y (Li dj didj 



9=1 



_ 2 >A >A \Ck\{Xi{9k) - di){xj{gk) - dj) 



EE 



B |12| sjieMeHTbi MaTpHn;t.i KjieGma-Fop^aHa M[Rs{q)]l npe^cxaB- 
jieHbi B BH^e BeTBamHXCH u;enHt.ix ^po6eii. Ecjih ^narpaMMa /I,t.iH- 
KHHa aBjiaexcH ^epeBOM, to n;enHa5i ppo6h noBxopjieT c|)opMy ^na- 
rpaMMbi ^biHKHHa (BexBjieHHa y n;enHOH ^poGn h y ^HarpaMMbi /],t>iH- 
KHHa o^HHaKOBbi) . HanpHMcp, ^jia ;];HarpaMMbi /I,biHKHHa Eg HMeeM 
{z = q+l/q) 



qM[Rs{q)][ 



1 



z — 



1 



z — 



1 z 



z 

ByKBajiBHo xaKJKe, xax b |12] . mojkho pasjioJKHXB b BexBHmHecH ij,en- 
Hbie ^po6h ^HaroHajiBHbie pa^t.: HyaHKape npenpoeKXHBHott ajireG- 
pt.1 rpacj^a, ecjiH oh HBjiHexcH ^epeBOM. 3xh (|)aKxt.i hbjihioxch o^hhm 
H3 npoaBjieHHH anajiorHH ue^Kpy pa^^aMH KjieGma-Fop^^aHa h opxo- 
roHajiBHBiMH MHoroHjienaMH. MaxpHij,a Kapxana sBjiaexca anajioroM 
MaxpHn;bi 5Iko6h nocjie^oBaxejiBHocxH opToroHajitHtix MHoroHjienoB 
(fljia MaxpHii,t>i Kapxana An h MaxpHLi,t.i 5Iko6h MHoroHjienoB He6bi- 
meBa anajiorHH cxaHOBHXca: coBna^eHHeM). 

Hncjia rriij BbiHHCjiaioxca no KOMGnnaxopHKe opGnx sjieMenxa 
KoKcxepa |15| . HnjKe mm BbinnmeM ^jia KaJK^ofi h3 ^narpaMM ^biH- 
KHHa An, Dn, Eq, Ej, Eg BeKxop (ni,n2) H KayKflpH BepniHHbi 
^HarpaMMbi /],biHKHHa Bexxop {rriij, . . . , m^.j) h hhcjio 



9 ~ ^ 9 



A:=l 
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3TH HHCjia H MaTpHn;B.i M[Ri] = {{Ri ® Rk, Rj)) no (|)opMyjie (4) onpe- 
^ejiaioT Bce HHCjia (D[i?]*)"|q=i/2 (nsBeTHO, hto GnHapHbix nojiH- 
sflpajibHbix rpynn MaTpHii;bi M[i?j] HBjiaioTCH MHoroHjienaMH ot Max- 

PHI1;L.I M[i?]). /I,JI5I a(|)(|)HHHOH ^HarpaMMbl /],L.IHKHHa An (l];HKJIHHe- 

CKOH rpynnbi) {ni,n2) = (2,n + 1) h j = 0,1,..., n fij = 2, 
{mij,m2j) = - j + 1), 



p[i?]°r|,=i _n(n + l) 



j(n- j + 1). 



HsBeCTHO, HTO 



(M[i?](l) 



n + 1' 



H nosTOMy 



^6 K,n2) = (6,8) 

(3, 5, 7, 9), 70 
(4, 8), 34 

Ey (ni,n2) = (8,12) 



(4,8,10, 14), 170( 



0,12), 66 



1,5, 7, 11), 86 



2, 4, 6, 6, 8, 10), 110 

3, 5, 7, 9), 70 

4, 8), 34 



0,18), 153 



1,7, 11, 17), 136 
2,6,8, 10,12, 16), 275 
3,5,7,9,9, 11,13, 15), 344 
4,6,8, 10, 12, 14), 251 
5, 7, 11, 13), 164 



6, 12), 81 
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r. r. HjTbioTA 



^8 K,n2) = (12,20) 



(6, 10,14, 16, 20,24), 737« 



Dn (ni,n2) = (4,2n-4) 
(2, 2n - 4), 2n2 - 9n + 11 •— 



(n — 2, n), n — 3n + 3 1 



0,30), 435 

1,11, 19, 29), 632 

2, 10, 12, 18, 20, 28), 833 

3,9, 11,13, 17, 19, 21, 27), 938 

4, 8, 10, 12, 14, 16, 18, 20, 22, 26), 1255 

5, 7, 9, 11, 13, 15, 15, 17, 19, 21, 23, 25), 1480 

6, 8, 12, 14, 16, 18, 22, 24), 980 
7, 13, 17, 23), 488 

0. 2n-2),2n2-5n + 3 

1, 3, 2n - 5, 2n - 3), 4n2 - 18n + 24 
2, 4, 2n - 6, 2n - 4), 4^^ - 22n + 38 

n - 4, n - 2, n, n + 2), 2n2 - 12n + 28 
n — 3, n — 1, n — 1, n + 1), 2n^ — 6n + 8 
n — 2, n), 71,2 — 3n + 3 
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